GORENSTEIN COHOMOLOGY IN ABELIAN CATEGORIES 



SEAN SATHER-WAGSTAFF, TIRDAD SHARIF, AND DIANA WHITE 

Abstract. We investigate relative cohomology functors on subcategories of 
abelian categories via Auslander-Buchweitz approximations and the resulting 
strict resolutions. We verify that certain comparison maps between these func- 
tors are isomorphisms and introduce a notion of perfection for this context. 
Our main theorem is a balance result for relative cohomology that simultane- 
ously recovers theorems of Holm and the current authors as special cases. 



Introduction 

Let A be an abelian category equipped with subcategories W and X such that X 
is closed under extensions and W is an injective cogenerator for X. (See Section [1] 
for definitions and Section [2] for motivating examples from commutative algebra.) 
Given an object M in A with finite A'-projective dimension, Auslander and Buch- 
weitz's theory of approximations 3^ provides a "strict WA"- resolution" of M . Such 
a resolution enjoys good enough lifting properties to make it unique up to homo- 
topy equivalence and, as such, yields a well-defined relative cohomology functor 
ExtJ_^(M, — ) for each integer n. The functors Ext^-y(— , TV) are defined dually. 

These functors have been investigated by numerous authors, beginning with the 
fundamental work of Butler and Horrocks [6] and Eilenberg and Moore [8]. Our 
approach to the subject is based on a fusion of the techniques of Avramov and 
Martsinkovsky [S], Enochs and Jenda [10 , and Holm [TO] , 

The contents of this paper are summarized as follows. In Section [3] we present 
a brief study of the pertinent properties of strict resolutions. Sections [4] focuses 
on conditions guaranteeing that natural comparison maps are isomorphisms. In 
SectionOwe introduce a notion of relative perfection and establish a duality between 
certain classes of relatively perfect objects. 

The main theorem of this paper is the following balance result, contained in 
Theorem 16.71 It showcases the benefit of our approach to studying these functors, 
as it simultaneously encompasses a result of Holm [16, (3.6)] and our own result \21\ 
(5.7)]; see CoroUarv 16.111 and Remark 16.181 

Main Theorem. Let X, y , W and V he subcategories of A. Assume that X 
and y are closed under extensions, W is an injective cogenerator for X , V is a 
projective generator for y , ^- y and X J- V. Assume further Ext^^^(r, V) = 
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= Ext^|;(>V, U) for all objects T and U with >V-pd(T) < oo and V-id(C/) < oo. 
If M and N are objects of A such that A'-pd(M) < oo and 3^-id(A'') < oo, then 
there are isomorphisms Ext^_4(M, A'') ^ Ext^j;(M, N) for allneZ. 

1. Categories and Resolutions 

We begin with some notation and terminology for use throughout this paper. 

Definition/Notation 1.1. Throughout this work A is an abelian category. We 
use the term "subcategory" to mean a "full, additive, and essential (closed under 
isomorphisms) subcategory." Write V = V{A) and T — I{A) for the subcategories 
of projective and injcctivc objects in A, respectively. 

We fix subcategories X, y, W, and V of ^ such that W is a subcategory of X 
and V is a subcategory of y. For an object M & A, write M ±y (resp., X _L M) if 
ExtJ^(M, Y)=0 for each object Y Gy (resp., if Ext^^(X, M) = for each object 
X eX). Write X ly if Ext^^iX, y) = for each object X e X. Wc say that W 
is a cogenerator for X if, for each object X E X, there exists an exact sequence 

O^X^W-^X'-^O 

with W E W and X' S X. The subcategory W is an injective cogenerator for 
if W is a cogenerator for X and X _L W. The terms generator and projective 
generator are defined dually. 

Definition 1.2. An A-complex is a sequence of homomorphisms in A 

d" a" , 

M = ^ M„ ^ M„_i • • • 



such that d^j^i = for each integer n; the nth homology object of M is H„(M) = 
Ker(9^)/ Im(9^]^). We frequently identify objects in A with complexes concen- 
trated in degree 0. For each integer z, the ith suspension (or shift) of a complex M, 
denoted Y}M, is the complex with {T}M)n = M^-i and d^'^ = (-1)*^^^. The 
notation HX is short for Z-'^X. 

A complex M is Hom_4(A', — )-exaci if the complex Homyi(X, M) is exact for 
each object X in X. The term Hom^(— , A:')-ea;aci is defined dually. 

Definition 1.3. Let M,N be .4-complexes. The Hom-complex Hom^(M, A/^) is 
the complex of abelian groups defined as Hom_4(iVf, 7V)„ = Hom_4(Mp, A'p+n) 
with QHom^(M,Ar) gj.^gj^ Q, _ {Q,pi. {9^„ap — (— l)"a„_i9^}. A morphism 
M ^ N is an element of Ker(9^°'"^''^'^-'), and a morphism is null-homotopic if it 

is in lm{d^°^^^'^''^^). Two morphisms a,a': M N are homotopic if a — a' is 
null-homotopic. The morphism a is a homotopy equivalence if there is a morphism 
(3: N ^ M such that Pa is homotopic to id,i\/ and af3 is homotopic to id ,y • 

A morphism a: M ^ N induces homomorphisms H„(q;): H„(Af) H,i(A^), 
and a is a quasiisomorphism if each H„(a) is bijective. The mapping cone of a is the 

complex Cone(a) defined as Cone(Q!)„ = Nn © M„_i and dn°^'^^°^^ ~ ( -^a"^ ) " 
The morphism a is a quasiisomorphism if and only if Cone(a) is exact. 

Definition 1.4. A complex X is bounded if Xn = for |n| ^ 0. When = 
= Unix) for all n > 0, the natural morphism X — >■ Ho(X) = M is a quasiiso- 
morphism. In this event, the morphism X ^ M is an X -resolution of M if each 
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Xn is in A", and the exact sequence 



X+ 





M 







is the augmented -resolution of M associated to X. We write "projective resolu- 
tion" in heu of "T'-resolution" . The X -projective dimension of M is the quantity 

X-pd{M) = inf{sup{n ^ | X„ 7^ 0} | X is an A'-rcsolution of M}. 

The objects of A:'-projective dimension are exactly the objects of X. We let res X 
denote the subcategory of objects M with X-pd{M) < 00. One checks easily that 
res A" is additive and contains X. 

The terms y -cores olution and y -injective dimension are defined dually. The 
augmented y -cores olution associated to a 3^-coresolution Y is denoted '^Y ^ and the 
3^-injective dimension of M is denoted y-\d{M). The subcategory of i?-modules 
N with 3^-id(iV) < 00 is denoted cores 3^; it is additive and contains y. 

Definition 1.5. An A'-rcsolution X is proper if the augmented resolution X^ is 
Hom_4(A', — )-exact. The subcategory of objects admitting a proper A:'-resolution is 
denoted res X . One checks readily that res X is additive and contains X . Projective 
resolutions are P-proper, and so A has enough projectives if and only if resP = A. 

Proper coresolutions are defined dually, and we let cores 3^ denote the subcate- 
gory of objects of A admitting a proper J^-coresolution. Again, cores is additive 
and contains as a subcategory. Injective coresolutions are always X-proper, and 
so A has enough injectives if and only if cores X — A. 

The next lemmata are standard or have standard proofs: for 11.61 see [SI pf. of 
(2.3)]; forOsee [31 pf. of (2.1)]; forHHargue as in [Sj (4.3)] or [lOl pf. of (8.1.3)]; 
and for the "Horseshoe Lemma" [Unisee [3 (4.5)] or [H pf. of (8.2.1)]. 

Lemma 1.6. Let — > Mi — > M2 A/3 Q he an exact sequence in A. 

(a) // A/3 ± X, then Mi ^ X if and only if A/2 -L X. If Mi _L X and M2 ± X, 
then A/3 L X if and only if the given sequence is Hom^(— , X) exact. 

(b) If X L Ml, then X ± A/2 if and only if X L M3. If X L A/2 and X ± M3, 
then X 1. Ml if and only if the given sequence is HoniAiX, — ) exact. □ 

Lemma 1.7. If X ±y, then X _L res 3^ and cores _L 3^. □ 
Lemma 1.8. Let A/, A/', TV, N' be objects in A. 

(a) Assume that M admits a proper W -resolution j: W M and A/' admits 
a proper X -resolution : X' — > A/'. For each homomorphism f: M 
M' there exists a morphism f : W X' unique up to homotopy such that 
7'/ = /7. // / is an isomorphism, then f is a quasiisomorphism. If f is an 
isomorphism and X — W, then f is a homotopy equivalence. 

(b) Assume that M admits a projective resolution ^: P —>■ M and M' admits 
a proper X -resolution 7' : X' — > A/'. For each homomorphism f : M ^ M' 
there exists a morphism f : P ^ X' unique up to homotopy such that 7'/ — 
fj. If f is an isomorphism, then f is a quasiisomorphism. 

(c) Assume that N admits a proper y-coresolution S: N ^ Y and N' admits 
a proper V- cores olution S' : N' — > V' . For each homomorphism g: N ^ 
N' there exists a morphism 'g: Y V' unique up to homotopy such that 
gS = S'g. If g is an isomorphism, theng is a quasiisomorphism. If g is an 
isomorphism and V = y, then g is a homotopy equivalence. 
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(d) Assume that N admits a proper y- cores olution 6: N Y and N' admits an 
infective resolution 5' : N' ^ I' . For each homomorphism g : N N' there 
exists a morphism g: Y ^ I' unique up to homotopy such that IjS = 5' g. If 
g is an isomorphism, then g is a quasiisomorphism. □ 

Lemma 1.9. Let M' — > M M" Q he an exact sequence in A. 

(a) Assume that M' and M" admit proper X -resolutions ^' : X' — s- M' and 
7": X" M" and that the given sequence is Hom_4 (<¥,—) -exact. Then 
M admits a proper X -resolution 7 : X — > M such that there exists a commu- 
tative diagram whose top row is degreewise split exact. 

X' ^ X X" ^ 




Af" 







(b) Assume that M' and M" admit proper y- cores olutions 5': M' — > Y' and 
5" : M" — > Y" and that the given sequence is }iomy{(—,y)- exact. Then M 
admits a proper y- cores olution S: M ^ Y such that there exists a commu- 
tative diagram whose bottom row is degreewise split exact. 




□ 

The final result of this section is for Corollary 16. 91 It follows from [22l (2.3)]. 

Lemma 1.10. For each integer n ^ 0, let X^ and y^ he suhcategories of A such 
that Xn and yn are closed under extensions when n ^ 2. 

(a) If Xn is a cogenerator for Xn+i for each n ^ and Xn J- Xq for each n ^ I, 
then Xn is an injective cogenerator for Xn+j for each n,j ^ 0. 

(b) If yn is a generator for yn+i for each n ^ and 3^o -L for each n ^ 1, 
then yn is a projective generator for yn+j for each n,j^O. □ 

2. Categories of Interest 

Much of the motivation for this work comes from module categories. In reading 
this paper, the reader may find it helpful to keep in mind the examples of this 
section, wherein i? is a commutative ring. We return to these examples explicitly 
in Sections [5] and [6) 

Notation 2.1. Let Ai{R) denote the category of i?-modules. For simplicity, we 
write ViR) = P{M{R)) and I{R) = I{M(R)). Also set Ah = M{Z), the category 
of abehan groups. If ^(i?) is a subcategory of 7W (i?) , then A" -^(i?) is the subcategory 
of finitely generated modules in X{R). 

The study of semidualizing modules was initiated independently (with different 
names) by Foxby [TT], Golod [T3], and Vasconcelos 

Definition 2.2. An i?-module C is semidualizing if it satisfies the following: 

(1) C admits a (possibly unbounded) resolution by finite rank free i?- modules, 

(2) the natural homothety map R ilomji{C , C) is an isomorphism, and 
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(3) Ext|^ (C,C) = 0. 

A finitely generated projective _R-niodule of rank 1 is semidualizing. If R is Colien- 
Macaulay, then D is dualizing if it is semidualizing and idfl(Z3) is finite. 

Based on the work of Enochs and Jenda [91 , the following notions were introduced 
and studied in this generality by Holm and J0rgensen [TSl and White [IS] . 

Definition/Notation 2.3. Let C be a semidualizing i?-module. An i?-module is 
C -projective (resp., C-injective) if it is isomorphic to P®rC for some projective R- 
module P (resp., Hom_R(C, /) for some injective i?-module /). The categories of C- 
projective and C-injective i?-modules are denoted Vc{R) and lc{R), respectively. 
A complete Wc -resolution is a complex X of i?-modules satisfying the following: 

(1) X is exact and llomii{—,Vc'{R))-exact, and 

(2) Xn is projective when n ^ and X„ is C-projective when n < 0. 

An i?- module G is Gc -projective if there exists a complete 'P'Pc'-resolution X such 
that G = Coker(9j''^), in which case X is a complete VPc -resolution of G. We let 
QPc{R) denote the subcategory of Gc-projective i?- modules. 

The terms complete TcT-coresolution and Gc-injective are defined dually, and 
QIc{R) is the subcategory of Gc-injective _R- modules. 

Fact 2.4. Let C be a semidualizing i?-module. One has V{R)UPciR) C GPciR), 
and Pc{R) is an injective cogenerator for QPc{R) by [551 (3. 2), (3. 6), (3. 9)]. Dually, 
one has I{R) LlXc{R) ^ QIc{R), and Ic{R) is a projective generator for QIc[R)- 

The next definition was first introduced by Auslander and Bridger [1] [2] in the 
case C — R, and in this generality by Golod [15] and Vasconcelos [24] . 

Definition/Notation 2.5. Assume that R is noetherian, and let C be a semidu- 
alizing i?-module. A finitely generated i?-module H is totally C -reflexive if 

(1) Ext|^(i/,C) = = Ext|^(Homi^(ff,C),C), and 

(2) the natural biduality map H — > Horn ^ (Horn j^{H , C), C) is an isomorphism. 
Let Gc{R) denote the subcategory of totally C-reflexive i?-modules. 

Fact 2.6. Assume that R is noetherian and let C be a semidualizing i?-module. 
One has GciR) = GP^R) by M (5-4)], and so U C Gc{R)- Also, 

is an injective cogenerator for Gc{R) by [25l (3.9), (5.3), (5.4)]. 

Over a noetherian ring, the next categories were introduced by Avramov and 
Foxby [4] when C is dualizing, and by Christensen [7] for arbitrary cQ In the 
non- noetherian setting, these definitions are from [191 125] . 

Definition/Notation 2.7. Let C be a semidualizing i?-module. The Auslander 
class of C is the subcategory Ac{R) of i?- modules M such that 

(1) Tor§i(C, M) = = Ext|^(C, C®rM), and 

(2) The natural map M Homfl(C, C ^r M) is an isomorphism. 
The Bass class of C is the subcategory Bc{R) of i?- modules N such that 

(1) Ext|^(C,7V) = = Torfi(C,Homi^(C,7V)), and 

(2) The natural evaluation map C ®r Homfl(C, N) — > iV is an isomorphism. 



Note that these works (and others) use the notation Ac{R) and Bc{R) for certain categories 
of complexes, while our categories consist precisely of the modules in these categories by [3 (4.10)]. 
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Fact 2.8. Let C be a semidualizing i?-inodule. If any two i?-niodules in a short 
exact sequence are in AciR), respectively BciR), then so is the third; see [HI 
(6.7)]. There are containments resV{R) U cores Xc(i?) C Ac{R) Q coresZc" and 
res :P^) U cores f^R) C BciR) ^ resV^) by [13 (6.4), (6. 6)] and [H (2.4)]. 

3. Strict and Proper Resolutions 

This section focuses on the existence of certain proper resolutions which, fol- 
lowing [3 , we call "strict" . Our treatment focuses on the use of "approximations" 
(special cases of the "special precovers" of [10]) and blends the approaches of [3], 
[5], and [10]. 

Definition 3.1. Fix an object M in ^. A bounded strict WX -resolution of M is 
a bounded .Y-resolution X ^ M such that X„ is an object in W for each n ^ 1. 
An exact sequence in A 

0^ K ^ Xa^ M ^0 
such that K e res W and Xq e A" is called an WX -approximation of M. The term 
WX-huU of M is used for an exact sequence in A 

^ M K' X' 

such that K' G resW and X' £ X. The terms bounded strict yV-coresolution, 
yV-coapproximation and yV-cohull are defined dually. 

The first result of this section outlines the properness properties of certain 
(co)rcsolutions and (co)approximations. 

Lemma 3.2. Assume X ±W and V ±y. 

(a) Bounded W -resolutions are X-proper and hence W -proper. 

(b) // W is an injective cogenerator for X , then bounded strict W X -resolutions 
are X-proper and W X -approximations are Hom^(A', —)-exact. 

(c) Bounded V- cores olutions are y-proper and hence V-proper. 

(d) If V is a projective generator for y, then bounded strict yV -cores olutions are 
y-proper and yV -coapproximations are Hom_4(— , 3^)-ea;act. 

Proof. We prove parts (ja| and ([b|; the others are proved dually. 

(jaj) Let M be an object in A admitting a bounded W-resolution W — > M . We 
need to show that Hom^(X, W^) is exact for each object X in X. Set Af„ = 
Coker(9j^2) ^nd, when n ^ 0, consider the associated exact sequence 

^ M„ ^ W„ ^ i\f„_i ^ 0. 

The object M„ is in resW for each n. Lemma [1.71 implies X ± resW, and so the 
displayed sequence is Hom^(A', — )-exact by Lemma ri.6t| b)). It follows that is 
Hom^(A', — )-exact as well, that is, the resolution is ^Y-proper. 

IQ Let X ^ M be a bounded strict WA'-resolution such that Xi = {] for each 
i > n, and set K = lm{d^). The next exact sequence is a bounded W-resolution 

(1) 0-^Xn^ >Xi^K^O 

and so part jaj) implies that it is Hom^(A:', — )-exact. The following sequence 

(2) ^ X ^ Xo ^ Af -> 

is a W^Y-approximation. Once we show that yV<Y-approximations are Hom^(A:', — )- 
exact, we will conclude that X is A'-proper by splicing the sequences ([T]) and ([2]). 
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Consider a W A"- approximation as in ((2]). Using Lemma ll.7( the assumption 
X L W implies X L K. Thus, for each X' ^ X the long exact sequence in 
Ext_4(X', — ) associated to ^ implies that is Hom^(A', — )-exact. □ 

The next two lemmata provide useful conditions guaranteeing the existence of 
proper (co)resolutions. Lemma l3.4l is for use in Proposition 14.101 

Lemma 3.3. Assume that X and y are closed under extensions, W is a cogenerator 
for X , and V is a generator for y. Let M and N be objects in A. 

(a) // A'-pd(Af) < oo, then M has a Y\^X -approximation, a WX-hull, and a 
bounded strict W X -resolution X M such that Xi = for i > X-pd{M). 

(b) // W is an injective cogenerator for X, then res A" is a subcategory of res X. 

(c) If y-id{N) < oo, then N has a yV-coapproximation, a yV-cohull, and a 
bounded strict yV -coresolution N ^ Y such that Y^i — for i > y-id{N). 

(d) If V is a projective generator for y, then cores 3^ is a subcategory o/ cores 3^. 

Proof. Parts (ja} and (jcj) follow as in 3, (l-l)]- Parts (|b| and fdl follow from (jaj) 
and (0) using Lemma [5T^l |b|) and (|d|. □ 

Lemma 3.4. Assume that X and y are closed under extensions, W is a cogenerator 
for X , and V is a generator for y. 

(a) If X is a subcategory o/resW, then res A" is a subcategory o/resW. 

(b) If y is a subcategory o/ cores V, then cores 3^ is a subcategory o/ cores V. 

Proof. We prove part Jal; the proof of part fbl is dual. Let M be an object in 
res A". By Lemma r3.3f [a|). the object M admits a >VA:'-approximation 

(3) ^ K X ^ M ^ 0. 

Since A" is a subcategory of resW, the object X admits a proper W-resolution 
W ^ X. Set X' = lm{d^). Notice that the object X' is in resVV and the 
following natural exact sequence is Homx(W, —) -exact 

(4) ^ X' ^Wo ^ X ^0. 

In the following puUback diagram, each row and column is exact, the bottom row 
is ([3]), and the middle column is 





X' ^X' 



(5) ^ U ^ Wo M ^ 



^ K ^ X ^ M ^ 
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We will show that U is in res W and that the middle row of ^ is Hom^(W, — )- 
exact. It is then straightforward to see that a proper W-resolution of M can be 
obtained by splicing a a proper W-resolution of U with the middle row of ([5]). 

Let W' be an object in W. The assumption X J. W implies W _L W and so 
Ext^(W^',Wo) = 0. The long exact sequence in Extyi{W',—) associated to the 
middle column of ([5]) includes the next exact sequence 

RomA{W',Wo) RomA{W',X) ^ Ext\{W',X') ^ 0. 

The middle column of ^ is Hom^(yV, — )-exact, so the map Hom^(T/F',T) is sur- 
jective, and it follows that F,xt\{W' , X') = 0. Lemma ll.6ljb|) implies that the 
leftmost column of ([5]) is Hom^(W^', — )-exact. Since W' is an arbitrary object of 
W, this column is Hom^(W, — )-exact. The object K is in res W by Lemma [3T2l ja|). 
Since X' is also an object in res W, we may apply Lemma ILOt faj) to the leftmost 
column of ([5]) to conclude that U is in resW. 

To conclude, we need to show that the middle row of ([5|) is Hom^(M^', — )-exact, 
that is, that Hom^(VF', tt) is surjective. Applying Hom^(VF', — ) to the middle and 
lower rows of ([5]) yields the next commutative diagram with exact rows. 

. Hom^(W",7r) 

^ Hom^(W^', U) ^ Hom^(VF', Wo) — Hom^(W^', M) 

Hom^(M'',T) ^ 

^ Rom^iW, K) ^ Hom^(VF', X) ^ Hom^(W, M) ^ 

Recalling that Hom_4(W^',T) is surjective, chase this last diagram to conclude that 
Hom^(PF',7r) is also surjective. □ 

4. Relative Cohomology 

This section contains the foundations of our relative cohomology theories based 
on the context of Section [31 

Definition/Notation 4.1. Let M, M' , N, N' be objects in A equipped with ho- 
momorphisms f : M M' and g: N N' . Assume that M admits a proper 
A'-resolution 7 : X ^ M , and define the nth relative XA cohomology group as 

Ext:^^(M,7V) = H_„(Hom^(X, A^)) 

for each integer n. If M' also admits a proper A'-resolution 7': M', then let 

f : X ^ X' he a. morphism such that 7'/ = /7, as in Lemma [LSfe j) . and define 

Ext'i^(/, N) = H_„(Hom^(7, A^)) : Ext:^^(M', A^) ^ Ext'^_4(Af, A^) 
Ext^^(M, g) = H_„(Hom^(A, g)) : Ext^^(Af, A^) ^ Ext^_4(Af, A^')- 

We write Ext|3i(Af, 3^) = if Y.y±^\{M,Y) = for each object Y e y. When 
X C resW, we write Y.xt^j^iX ,y) = Q iiY.yit^j^{X,y) = for each object X e X. 
The nth relative Ay -cohomology Ext^-y(— , — ) is defined dually. 

Remark 4.2. Definition /Notation 14.11 describes well-defined bifunctors 

Ext'^_4(-, -) : res^Y X ^ ^ ^6 Ext^3;(-, -) : ^ x cores^ Ab 



GORENSTEIN COHOMOLOGY IN ABELIAN CATEGORIES 



9 



by Lemma ll.S) and one checks the following natural equivalences readily. 

Ext|i(A',-) = = Ext^^(-,3^) 
Ext%(-, -) = Honu(-, Ext?,^(-, -) = Ext:\(-, 

Ext^3;(-,-) =Hom^(-,-)U,_5, Ext:\^(-,-) -Ext:\(-,-)|^,_j 

Lemma FOl yields the following long exact sequences as in [TUJ (8. 2. 3), (8. 2. 5)]. 
Lemma 4.3. Let M and N be objects in A, and consider an exact sequence in A 

L = ^ L' A L ^ L" ^ 0. 

(a) Assume that the sequence L is Hom_4(A', -')-exact. If the object M is in 
res X , then L induces a functorial long exact sequence 

. ■ ■ -.Ext^^(M,i') Ext'i^(M,i) ^^^M^ 

E.t-^AM, L") "^^^ E.t-\\M, L') ^f^^i^l^ . . . 

(b) Assume that the sequence L is Hom^(A', — )-ea;aci. IJ the objects L',L,L" 
are in res X , then L induces a functorial long exact sequence 

>Ext_;f_4(L ,N) > ExtxA{L,N) > 



Ext^^(L', N) ^liiLJ^Z, Ext'^+i(i", N) 

(c) Assume that the sequence L is }lomj{{~,y)- exact. If the object N is in 
cores then L induces a functorial long exact sequence 



■ E^t'^yiL", N) ^^1^1^ Ext:^^(L, N) 

E^W^N) i^^^ Ext«+^(i",iV) ^f*^^ 



(d) Assume that the sequence L is YioTCLj^{—,y)- exact. If the objects L',L,L" 
are in cores 3^, then L induces a functorial long exact sequence 



> Ex^t^yiM, L') Ext:\j;(A/, L) 

E^e^yiM, L") E^i%\M^ A') ^^^^^ ... □ 

To prove the next "dimension-shifting" lemma, comparable to |10i (8. 2. 4), (8. 2. 6)], 
use the long exact sequences from Lemma |473] with the vanishing from Remark 14.21 



Lemma 4.4. Let M and N be objects in A, and consider an exact sequence in A 

L = ^ L' ^ L ^ L" ^ 0. 

(a) Assume that the sequence L is Hom^(A:', ~)-exact and that M is in res // 
Ext^^(Af, L) — 0, e.g., if M is in X, then the following map is an isomor- 
phism for each n ^ 1 

g^^(M, L) : Ext^^(M, L") ^ Ext^+i(M, L'). 
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(b) Assume that the sequence L is Hom exact and that L,L',L" are in 
res A". // Ext^^(L, iV) — 0, e.g., if L is in X, then the following map is an 
isomorphism for each n ^ 1 

g'^^(L, N) : Ext^^(L', N) ^ Ext^+^L" , N). 

(c) As.sume that the sequence L is Hom^(— , J^)- exact and that N is in cores 3^. 
//Ext^^(L, N) = 0, e.g., if N is in y, then the following map is an isomor- 
phism for each n ^ I 

(d) As.sume that the sequence L is }iomj^{—,y) -exact and that L,L',L" are in 
cores 3^. //Ext^^(M, L) = 0, e.g., if L is in y, then the following map is an 
isomorphism for each n ^ 1 

d'XyiM, L) : Ext^yiM, L") ^ Ext%\M, L'). □ 

The next resuh is motivated by [5, (4. 2. 2. a)]. 

Proposition 4.5. Let M and N he objects in res A and cores 3^, respectively, and 
let n be a nonnegative integer. 

(a) Assume that X is closed under direct summands and Ext^^^(Ai^, — ) = 0. // 
X ^ M is a proper X -resolution, then Ker(9^_j^) G X and X-pd{M) ^ n. 

(b) Assume that one of the following conditions holds: 

(1) X ±X, or 

(2) X is closed under extensions and W is an injective cogenerator for X. 
Then Ext^_4(A/, -) = whenever n > X-pd{M). 

(c) Assume that y is closed under direct summands and Ext^^"'^(— , A'^) — 0. // 
N ^ Y is a proper y -coresolution, then Coker(9j^„) G y and 3^-id(iV) ^ n. 

(d) Assume that one of the following conditions holds: 

(1) y ^y,or 

(2) y is closed under extensions and V is a projective cogenerator for y . 
Then Ext^3;(-, A^) = whenever n > y-id{N). 

Proof. We prove parts (ja| and ([b|; the proofs of (jcj) and (jdl are dual. 

(ja| Let X M be a proper A"- resolution, and set Mj = Coker(9j^2) fo'" each 
integer j. Note Mj G res A" and M ~ M_i, and consider the exact sequences 

^ Mj Xj ^ Mj_i ^ 

when j ^ 0, which are Hom_4(A', — )-exact. 

Assume first Ext;^._^(M, — ) = 0. An application of Lemma 14. 3f [ajl to the sequence 
(*o) yields the following exact sequence 

-> Hom^(A/, Mo) -> Hom^(A/, Xa) Hom^(M, M) 0. 

Hence, there exists 4> £ Hom^(M, Xq) such that eo4> = idj\/. It follows that M is a 
direct summand of Xq, and so M G A" because X is closed under direct summands. 

Now assume Ext^^^(M, — ) = 0. Apply Lemma [4;4j|b| to each sequence 
inductively to conclude Ext^_4(M„_i, — ) = 0. The previous paragraph now implies 
Ker(a^_i) = Mn-i G X. The conclusion A'-pd(M) < n is now immediate. 

(jb| Assume without loss of generality that p = X- pd(M) is finite. It suffices to 
show that M admits a proper A'-resolution X — > M such that X„ = when n > p. 
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If condition (1) holds, then Lemma [3T2l' [aj) implies that every ^-resolution X ^ M 
such that Xn = for each n > p is proper. On the other hand, if condition (2) 
holds, then Lemmas I3.2[|bl) and[3T3filj) yield the desired conclusion. □ 

The rest of this section is devoted to the study of the following comparison maps. 

Definition/Notation 4.6. Let M,N be objects in A. 

(a) When M admits a proper W-resolution W ^ M and a proper A'-resolution 
y : X ^ M, let idi/ : W ^ X he a, quasiisomorphism such that 7 = 7'idM, as 
in Lemma |L8Ijaj) , and set 

^'kwAiM, N) = H_„(Hom^(id^, N)) : Ext:^_4(M, N) ^ ^xf^^iM, N). 

(b) When M admits a projective resolution 7 : P —> M and a proper A'-resolution 
7' : X — > M, let idjv/ : P ^ X he a quasiisomorphism such that 7 = 7'idM, as 
in Lemma [LMbj) . and set 

K'^^iM, N) = H_„(Hom^(idr/, N)) : Ext^_4(Af, N) Ext'XiM, N). 

(c) When N admits a proper 3^-coresolution S: N ^ Y and a proper V-coresolution 
6' : N ^ V, let idj\i : Y V he a, quasiisomorphism such that S' = idj\i6, as in 
Lemma ri.Sfc i). and set 

i9'Xyy{M, N) - H_„(Hom^(M, id^)) : Ext^Xy^M, N) Ext'X^iM, N). 

(d) When N admits a proper 3^-coresolution S: N Y and an injective resolution 
(5' : iV — > /, let idjv : — > / be a quasiisomorphism such that S' — idj^S, as in 
Lemma [LSt ld]) ■ and set 

x'XyiM, N) = H_„(Hom^(M, id^)) : Ext'XyiM, N) Ext^(M, N). 

Remark 4.7. Lemma fTTSl shows that Definition/Notation l4.6l describes well-defined 
natural transformations that are independent of resolutions and liftings. 

"^XWAi-^ Ext^_4(-, -)|(,esVVnrcs^)x.A ^ Ext^_4(-, ") I (,.es Wnres ^) 

^!43^v(~' ~) • E^*^J'(~' ~)Ux(corcsVncorcs5') ~^ -'^^*-4V ' ^ ) Ux (cores Vncorcs 5') 
^Ay ( ^ ' ^ ) • Ext_4-); ( - , - ) I _4 X (cores Jncores y) ^ Ext_^ ( ~ ' ~ ) U x (cores Ineores y) 

The next result compares to [5, (4.2.3)]. 

Proposition 4.8. Assume X ± W and V -L 3^, and fix objects M G resW and 
N e cores V. 

(a) The following natural transormations are isomorphisms for each n 

^xwa{M, -) : ExtJ^(Af, -) ^ Ext;V.A(^^: -)• 

(b) The following natural transormations are isomorphisms for each n 

^Ayvi-^N): ExtXy{-,N)^ExtX^{-,N). 

Proof. We prove part (Jaj); the proof of ([b| is dual. 

Let ^ M be a bounded W-resolution. Lemma I3.2f [a|) implies that W is X- 
proper and W-proper, so Ext^^(M, — ) and Ext^_4(M, — ) are defined. Further, in 
the notation of Definition mHjlj), we can take idjvf = idw: and so there are equalities 

'^xwAi^^ -) = H_„(Hom^(idM, -)) = H_„(Hom^(idH/, -)) = idH_„(Hom^(w,-)) 
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which estabUsh the desired result. □ 

The next lemma is a tool for the proofs of Propositions 14. lOl and 14. Ill Note that 
we do not assume that the complexes satisfy any propcrncss conditions. 

Lemma 4.9. Let M and N be objects in A, and assume A" _L W and V _L 3^. 

(a) Let a: X ^ X' be a quasiisomorphism between bounded below complexes in 
X. //>V-pd(A^) < oo, then the morphism Hom^(a, A^): Iiomj[{X',N) 
Hom^(X, A'^) is a quasiisomorphism. 

(b) Let f3: Y Y' be a quasiisomorphism between bounded above complexes in 
y. //V-id(A/) < oo, then the morphism Hom^(Af,/3): Hom^(Af,r) 
Hom_4(M, y) is a quasiisomorphism. 

Proof. We prove part (jaj; the proof of part (|b| is dual. 

It suffices to show that Cone(Hom^(Q;, N)) is exact. From the next isomorphism 

Cone(Hom^(a,iV)) = Z Hom^(Cone(a), TV) 

we need to show that Hom_4(Cone(a), N) is exact. Note that Cone(a) is an exact, 
bounded below complex in X. Set Mj = Ker(5^°'^''^"') for each integer j, and note 
Mj_i S A" for j ^ 0. Consider the exact sequences 

^ Mj Cone(a)j ^ Mj_i ^ 0. 

The condition X LW implies X L N hy Lemma [T77l Hence, induction on j using 
Lemma [1.6t |a| implies Ext^^ (Af ^ , iV) = for each j and so each sequence is 
Homyi(— , Af)-exact. It follows that IIom^(Cone(Q;), TV) is exact. □ 

The next two results compare to 5, (4.2.4)]. Note that Lemmas 13.31 and 13.41 
provide conditions implying res X C res X n res W and cores y C cores y n cores V. 

Proposition 4.10. Let M and N be objects in A, and assume X LW and V Ly . 

(a) If M is in vesX n resW and N is in resW, then the following natural map 
is an isomorphism for each n 

^xwAiM, N) : ExtJ^(Af, iV) ^ Ext'^v^CAf, N). 

(b) If M is in cores V and N is in cores 3^ n cores V, then the following natural 
map is an isomorphism for each n 

d'\y^{M,N): Ext:\j;(Af,iV) ^Ext:\v(Af,iV). 

Proof. We prove part |a|); the proof of part (|b| is dual. 

The object Af has a proper W-resolution 7 : W M and a proper A'-resolution 
7': X — > A'/. Lemma fl.8f [a| yields a quasiisomorphism idj\/ : W ^ X such that 
7 = 7'idM, and Lemma |4i9I(a| implies that the morphism Hom_4 (idjv/ , -^) is a 
quasiisomorphism. The result now follows from the definition of '!?^vy^(A/, N). □ 

Proposition 4.11. Let M and N be objects in A, and assume X LW and V Ly . 

(a) // AI is in res A" H resT' and N is in resW, then the following natural map 
is an isomorphism for each n 

x^xj^iM, N) : Ext^^(A/, N) ^ ^^i\{M, N). 
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(b) If M is in cores V and N is in cores fl cores I, then the following natural 
map is an isomorphism for each n 

x'Xy{M, N) : ¥.xi\y{M, N) ^ ¥.^t\{M, N). 

Proof. Argue as in the proof of Proposition 14.101 When invoking Lemma r4.9[( a|. 
use the category X (QV whose objects are precisely those of the of the form X ® P 
for some X e A" and P e "P. □ 

The next two lemmata are tools for Proposition 14. 141 and Theorem 16.71 

Lemma 4.12. Let W he a cogenerator for X and let V be a generator for y. 

(a) IfW ±{Wuy) and Ext^^^(res VV, V) = 0, then Ext^^_4(res W, y) = 0. 

(b) If{XUV)±V a«dExt^y(>V, cores V) = 0, then Ext^^ (A", cores V) = 0. 

Proof. We prove part (jlj); part ([b| is proved dually. Fix objects M in resW and Y 
in y, and set Yq = Y. Because V is a generator for 3^ there exist exact sequences 

^ Yn+i -^Vn^Yn^O 

with Vn in V and Yn+i in y. The assumption W J- y implies that each of these 
sequences is Hom_4(>V, — )-exact by Lemma [l.6tjb|) . Fix an integer j ^ 1 and set 
p — yV-pd(M). The vanishing hypothesis implies Ext^^_^(Af, y„) = for each n, 
and so Lemma |4]4ljaj) inductively yields the isomorphism in the following sequence 

Extiv^(M, Y) - Extiv_4(M, Fq) - Ext{+P (M, Yj,) = 

where the last equality is from Proposition 14. Slfb]) because W -L W. □ 

Lemma 4.13. Assume that W is a cogenerator for X and V is a generator for y. 
Let M and N he objects in A with W-pd(M) < oo and V-id(iV) < oo. 

(a) Assume (A" U V) _L V and Ext^|;(W, cores V) = 0. If a: X ^ X' is a 
quasiisomorphism between bounded below complexes in X , then the morphism 
Hom_4(a,iV): Hom_4(X',7V) Hom^(X, A'^) is a quasiisomorphism. 

(b) Assume W ± {W U y) and Ext^^^ (res VV, V) ==0. If (3: Y ^ Y' is a 
quasiisomorphism between bounded above complexes in y, then the morphism 
Hom_4(M, /?): Hom^(M, K) — > Hom_4(M, K') is a quasiisomorphism. 

Proof. We prove part (ja|; the proof of part (|b| is dual. 

Set Alj — Ker(9^°"°'-"-') for each j, and note Mj G X for j <^ 0. As in the proof 
of Lemma 14.91 it suffices to show that each of the following exact sequences 

^ Mj Cone(a)j Afj_i ^ 0. 

is Hom^(— , A)-exact. The condition X ± V implies Mj _L V for j ^ and 
Cone(a)j _L V for all j G Z. Applying Lemma ri.6lia| to the sequences induc- 
tively implies Mj _L V for all j G Z and so each {*j) is Hom_4(— , V)-exact. 

Lemma l4T2t |b|) imphes Ext^y(M, , A) = for j < and Ext^y (Cone(Q!)j , A^) = 
for all J e Z. Applying Lemma H^f U]) to (*j ) inductively yields Ext^y (M^ , A) = 
for all n G Z. Thus, each sequence {*j) is Hom_4(— , A^)-exact, as desired. □ 

The next result is proved like Proposition l4.10( using Lemma r4.13l in place of l4.9l 

Proposition 4.14. Assume that W is a cogenerator for X and V is a generator 
for y. Let M and N be objects in A. 
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(a) Assume (A:" U V) -L V and Ext^^(>V, cores V) = 0. If M is in res A" n resW 
and N is in cores V, then the following map is an isomorphism for each n 

7?^^^(M, N) : ExtJ^(M, N) ^ Ext^V^(Af, N). 

(b) Assume W ± (Wuy) and Ext^^^(res VV, V) = 0. // M is in res VV and N 
is in cores y n cores V, then the following map is an isomorphism for each n 

d'Xyv {M, N) : Ext'Xy {M, N) ^ Ext^y (M, N) . □ 

5. Relative Perfection 

This section is concerned with a relative notion of perfection akin to the Goren- 
stein perfection of [5], the quasi-perfection of [l^ and the generahzed perfection 
of [E]. We begin with the relevant definitions. 

Definition 5.1. Let A° be another abelian category with subcategory X° and let T 
and T° be objects in X and X°, respectively. The pair {T,T°) is a relative cotilting 
pair for the quadruple {A, X, A", X°) when the next conditions are satisfied: 

(1) The functor Hom^(-,T) maps A to A° and X to X° . 

(2) The functor Hom^o (-, T") maps A° to A and X° to X. 

(3) There are natural isomorphisms Hom_4o(Hom_4(— , T), r°)|;f = id;f and 
Hom^(Hom^o(-,r°),r)|;tc ^id;to. 

The term relative tilting pair is defined dually. 

Definition 5.2. Let T be an object in A. An object M in A with g = X- pd(Af ) < 
oo is XT -perfect of grade g if Ext^ (M,T) = for each n g. The term Ty- 
coperfect of cograde g is defined dually. 

Our motivating example comes from our categories of interest. 

Example 5.3. If R is noetherian and C is a semidualizing i?-module, then the 
pair (C, C) is a relative cotilting pair for {MiR),gciR),M{R),gc{R))E In this 
case, we write "^/c-perfect" instead of "^(7(i?)C-perfect" . The class of ^c-perfect 
i?-modules includes the totally C-refiexive i?-modules and the perfect i?-modules. 
When C = R, this notion recovers the G-perfect modules of [SJ Sec. 6]. 

Our main result on relative perfection establishes a duality between categories 
of relatively perfect objects. 

Proposition 5.4. Let M he an object in A, and let A° be an abelian category with 
subcategories X° and y° . 

(a) Let {T,T°) be a relative cotilting pair for (A,X,A°,X°) such that X Jl T 
and X° ± T° . Assume that A and A° have enough projectives. If M is XT- 
perfect of grade g, then Ext^(M, T) is an object of A° that is X°T° -perfect 
of grade g, and Ext^o (Ext^(M, T), T°) M. 

(b) Let {U,U°) be a relative tilting pair for {A,y,A°,y'') such that U ± y 
and U° _L y° , and assume that A and A° have enough injectives. If M 
is Uy-coperfect of cograde g, then Ext^(C/, M) is an object of A° that is 
U°y° -coperfect of cograde g, and Ext^„ (C/°, Ext^(C/, M)) ^ M. 



^More generally, one may take C to be a semidualizing RS-bimodule as in I19| and conclude 
that the pair {rC,Cs) is a relative cotilting pair for {M(R),gc{R), M{S°),gc{S°)). 
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Proof. We prove part jaj); the proof of part (|b| is dual. 

The result is trivial if M ~ 0, so assume M ^ 0. Let X ^ AI he an X- 
resolution such that X„ = for each n > g ^ X-pd{M). By assumption, the 
complex Hom^(X, T) consists of objects and morphisms in X". 

As in the proof of Proposition 14. Ill Lemma [49lj a| yields an isomorphism 

H_„(Hom^(X,T)) ^ Ext'\{M,T) 

for each n. Because M is A:'T-perfect of grade g, we conclude that the complex 
Hom^(X, T) is an ^'"-resolution of Ext^(Af, T) such that (Z^ Hom^(X, T))„ = 

for each n > g. In particular, the object Ext^(M, T) = Coker(Hom_4((9^, T)) is 

in A" and g° = A:""- pd(Ext^(M, T)) g < oo. 

Similarly, we conclude that there is an isomorphism 

Hg_„(Hom^o(Hom^(X,r),T°)) ^ Ext'^o (Ext^(M, T), T°) 

for each n. Our assumptions yield the isomorphism in the next sequence 

Hom^o (Hom^(X, T), T") = X ~ M 

while the quasiisomorphism is by construction. These displays imply 

Ext:\„(Ext^(Af,r),n-|° 

\M 11 n = g. 

It remains to justify the equality 5" = g. We already know 17° ^ g, so suppose g° < 
g. Using Lemma H^Jaj) as above, this would imply Ext^o (Ext^(M, T), T°) = for 
each n ^ g. In particular, we would have a contradiction from the next sequence 

= Ext^„ (Ext^(7\f , T), T°) = M. □ 

We conclude this section with the special case of Proposition l5.4l for our categories 
of interest. The special case C = R recovers [5l (6.3.1,2)]. 

Corollary 5.5. Let R be a commutative noetherian ring and C, M finitely generated 
R-modules with C semidualizing and Gc-dimij(M) < 00. 

(a) There is an inequality grade^(M) ^ Gc- dimfl(M), and M is Gc-perfect of 
grade g if and only if grade j^{M) — Gc-dim/j(M) — g. 

(b) If M is Gc -perfect of grade g, then so is the R-module Ext^ (M,C), and 
there is an isomorphism M = Ext^(Ext|j(M, C), C). 

Proof. Part (jaj) is established in the next sequence; the first equality is by definition 
grade^(M) = depthAnn^(Af) 

= depthA„n„(M)(C) 
= inf{n > I Ext^(M, C) ^ 0} 
sC sup{n ^ I Ext^(M, C) / 0} 
= Gc-dimij(M). 

The second equality follows from the fact that a sequence in R is i?-regular if and 
only if it is C-regular; see I15J p. 68]. The third equality is standard, the inequality 
is trivial, and the last equality is in [TS', (2.1)]. 

Part jbl follows immediately from Proposition I5.4r [aj) : see Example 15.31 □ 
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6. Balanced Properties for Relative Cohomology 

Definition 6.1. Fix subcategories X' C res<Y and y' C cores 3^. We say that 
FixtxA and Ext Ay are balanced on X' x y' if the following condition holds: For 
each object M in X' and N in y' , ii X ^ M is a proper A'-resolution, and N 
a proper 3^-coresohition, then the induced morphisms of complexes 

Hom^(Af, Y) Honi^(X, Y) ^ Honi^(X, N) 

are quasiisomorphisms. 

Remark 6.2. Fix objects M G X' and N G y' . If ExixA and Ext_4j; are balanced 
on X' y.y', then Ext;^_4(M, N) = Ext^^(Af, N) for aU and aU n e Z. 

The next four lemmata are tools for the proof of the Main Theorem of this paper. 

Lemma 6.3. Assume W _L V. 

(a) //Ext^^_^(res>V, V) = and W ± W, then resVV ± V. 

(b) //Ext^|;(>V, cores V) = and V _L V, then W ± cores V. 

Proof. We prove part (ja|; part ([b| is verified similarly. Fix objects M in resW and 
in V and set n — W-pd(Af). We proceed by induction on n. If n = 0, then 
Ext^"^(M, V) —0 since W _L V. So assume n ^ 1. There exists an exact sequence 

(6) ^ M' ^ ly -> M ^ 

such that W is an object in W and W-pd(Af') = n — 1. The induction hypothesis 
implies Ext^^(Af', V) = 0. Fix an integer i ^ 1. Using the hypothesis W _L V, a 
standard dimension-shifting argument yields = Ext^(Af', V) = Ext^"'^(Af, V), so 
it remains to show Ext^(Af, V) — 0. 

By Lemma [TTTl we know W _L W implies W ± resW. Hence, the sequence ^ is 
Homyi(yV, — )-exact by Lemma rOt lb)) . By assumption, we have Ext^^_^(Af, V) = 
and so the long exact sequence in Extwyi(— , V) associated to (|6]) has the form 

^ Hom^(A/, V) Hom^(iy, V) """"^^^'^^ Hom^(A/', V) 0. 

Thus, the map IIomyi(e, V) is surjective. The assumption W _L V implies that the 
long exact sequence in Ext^(— ,y) associated to ([6|) starts as 

Hom^(Af, V) RoiJiAiW, V) ""'"^("^'^^ Hom^(Af', V) Ext\{M, V) 0. 
Since Hom_4(e, V) is surjective, this implies F,xt\{M, V) = as desired. □ 

Lemma 6.4. Let W be a cogenerator for X and let V be a generator for y. Assume 
that X and y are closed under extensions. 

(a) IfW ±W and X ±V and Ext^^_4(res W, V) = 0, then res-? 1 V. 

(b) IfV ±V andW -Ly and Ext^y(>V, cores V) = 0, then W -L cores 5^. 

Proof. We prove part (gj); the proof of part ([b| is dual. Fix an object M e res A" 
and, using Lemma l^^ p]) . a WA:'-hull 

-> M K' ^ X' ^ 0. 

Because X' is in X, we have X' _L V. Lemma I6.3t [aj) implies K' ± V and so 
Lemma [L6l| aj) guarantees M ±V, as desired. □ 
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Lemma 13.31 provides the existence of the proper resolutions and coresolutions in 
the next two lemmata which are the primary tools for proving the Main Theorem. 

Lemma 6.5. Assume that X and y are closed under extensions, W is an injective 
cogenerator for X ,V is a projective generator for W -L 3^ and X ±V. 

(a) Assume Ext^^_^(resyV, V) = 0. If M is an object in resX with proper X- 
resolution X — >• M, then is liomj[(—,y)-exact. 

(b) Assume Ext^y(VV, cores V) =0. If N is an object in cores3^ with proper 
y- cores olution N , then +y is Hom_4(A', —)-exact. 

Proof. We proof part |aj); the proof of (0 is dual. Lemma [3.3[( aj) yields a strict 
WA'-resolution X' M, and Lemma I3.2[(b| implies that this resolution is X- 
proper. Lemma Fl.SIj a]) shows that X and X' are homotopy equivalent, so we may 
replace X with X' to assume that X ^ M is a strict WA'-resolution. 

Fix an object Y ^ y. For each n, set M„ = Coker(9;^2); noting = AI. 

When n ^ 0, we have W-pd(M„) < oo and we consider the exact sequences 

(7) ^ M„ ^ X„ ^ Mn-i ^ 0. 

It suffices to show that each of these sequences is Hom^(— , y)-exact, that is, that 
the map Hom_4(7„, Y) : Hom_4(X„, Y) Hom^(M„, Y) is surjective. Since V is a 
generator for y and Y is in y, there is an exact sequence 

(8) O^Y'^V^Y^O 

such that Y' is an object in y and V is an object in V. The assumption W -L y 
implies that this sequence is Hom^(>V, — )-exact by Lemnia ri.6t|b| . 

Fix an element A G Hom^(Af„,y). The proof will be complete once we find 
/ G Hom^(X„,y) such that A — fjn- The following diagram is our guide 

^ Mn — ^ Xn *- M„_i ^ 

" / 

*- Y' ^ V ^ Y ^ 

wherein the top row is ([7]) and the bottom row is ((S]). 

Since ([5]) is Hom_4(yV', — )-exact, it yields a long exact sequence in Extw^(Af„, — ) 
by Lemma HUljaj) . From Lemma r4.12f |aj) we conclude Ext^^(M„,y) = 0, so this 
long exact sequence begins as follows 

^ Hom^(M„,y') ^ Hom^(M„, V) Hom^(M„,y) ^ 0. 

Hence, there exists a G Hom_4(Af„, V) such that A = to. 

Lemma r6.4f [aj) implies Ext^(M„_i, V) = 0, so an application of Ext_4(— , V) to 
the sequence ([7]) yields the next exact sequence 

^ Hom^(Af„_i, 1/) Hom^(X„, V) Hom^(M„, V) 0. 

Hence, there exists S G Hom_4(X„, V) such that a = (57„. It follows that 

(T(5)7n TCT = A 

and so / = r(5 G Hom^(X„, V) has the desired property. □ 

Lemma 6.6. Assume that X and y are closed under extensions, W is an injective 
cogenerator for X, V is a projective generator for y,yV-Ly and X ±V. 
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(a) Let M be an object in res A" with proper X -resolution a: X M. IfY' is 
a bounded above complex of objects in y and Ext^^_^(res W, V) = 0, then the 
induced map liom_/^{M,Y') — > }iom_^{X,Y') is a quasiisomorphism. 

(b) Let N be an object in cores 3^ with proper y- cores olution a: N ^ Y' . Lf X' 
is a bounded below complex of objects in X and Ext^y(VV, cores V) = 0, then 
the induced map Honi^(X', A^) — > Hom_4(X',y) is a quasiisomorphism. 

Proof. We proof part fa}; the proof of (|b| is dual. Lemma [6?5lja| shows that the 
complex Hom^(X+, Yn) is exact for each n, and a standard argument demonstrates 
that Hom^(X+,y) is exact. From the following isomorphisms of complexes 

Cone(Hom^(a,y)) Z Hom^(Cone(a), F) ^ ZHom^(X+,y) - 

one concludes that Iloiiij^{a,Y) is a quasiisomorphism. □ 

The next result contains the Main Theorem from the introduction. 

Theorem 6.7. Assume that X and y are closed under extensions, W is an in- 
jective cogenerator for X , V is a projective generator for y, W -L y, X V 
and Ext^"'_^(res W, V) = = Ext^y(>V, cores V). Then Extx4 and Ext are bal- 
anced on res<Y x cores In particular, there are isomorphisms Ext^_^(M, A^) = 
Ext^-y(M, N) for all objects M in lesX and N in cores 3^ and for all ri G Z. 

Proof. Fix objects AI in res X and N £ cores y. Using Lemma [331 we have a proper 
A'-resolution a: X M and a proper ^-coresolution f]: N Y. Lemma 16.61 
implies that the induced morphisms 

Hom^(M,r) Hom^(X,r) """"^^'^^ Hom^(X,iV) 

are quasiisomorphisms, and hence the desired conclusion. □ 

Remark 6.8. Under the hypotheses of Theorem l6.7[ it follows almost immediately 
from Proposition 14.81 that Extyy^ and Ext^y are balanced on resW x cores V. 
This conclusion also follows from the weaker hypothesis Ext^^_^(res VV, V) = = 
Ext^y(>V, cores V) using 10, (8.2.14)]. 

The next result follows from Lemma [1.101 and Thocrem 16.71 

Corollary 6.9. For n — 0,1,2, . . ., let Xn and 3^„ be subcategories of A such that 
Xn and y^i are closed under extensions when n ^ 1. Assume that <Y„ is an injective 
cogenerator for Xn+i and y^i is a projective generator for yn+i for each n ^ 0. 
Assume Xn _L yo and Xq _L 3^„ for each n ^ 0. // Ext^^_^(res Aq, 3^o) = = 

Ext ^^^^ (Aq, cores 3^0)7 then Ext x^j^ and Ext j\^y^ are balanced on res X^. x cores 
for each m,n ^ 0. □ 

We conclude with special cases of Theorem 16.71 for our categories of interest. 

Notation 6.10. We simplify our notation for certain relative cohomology functors 
and for some of the connecting maps from Definition/Notation 14.61 

Ext?,^(-,-) = Ext?,^(^)^(-,-) Ext5^(-,-)=ExtS:,^(^)(-,-) 

Extgp^(~, -) = Ext3p^(^)^(-, -) Extgj^{~, -) = Ext'j^g;i^(^)(-, -) 

Extg-p{-, -) = Extgp(^)j^(-, -) Extgj{-, -) = Ext'j^gx(;^)(-, -) 
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We now show how Theorem 16 . 71 recovers [TBI (3-6)]. 

Corollary 6.11. If R is a commutative ring, then Extg-p and Extgi are balanced 
on lesGViR) x coves GliU). 

Proof. Set X ^ gV{R), y ^ QI{R), W = V{R) and V = I{R). From [17l 
(2. 5), (2. 6)] we know that X and y are closed under extensions. Fact 12.41 implies 
that W is an injective cogenerator for X and V is a projective generator for y. 
Clearly, we have W _L 3^ and X LV. The natural isomorphisms 

E'Xtp(fl.)^(fl.)(-, -) = Ext^(-, -) = Ext^(^)j(^)(-, -) 

from Remark 14.21 vield 

Ext^^_^(resW, V) = = Ext^|,(>V, cores V). 

Hence, Theorem 16.71 yields the desired conclusion. □ 

The next lemmata are for use in Corollarv l6.16l 

Lemma 6.12. Let R he a commutative ring and let B and B' he semidualizing 
R-modules. // Tor§i(B, B') = 0, then Pb{R) -LIb'{R)- 

Proof. Let P be a projective i?- module and / an injective i?-module. For each i ^ 1, 
the first isomorphism in the following sequence is a standard form of adjunction 
using the fact that P is projective and / is injective 

Extj^(P ®fl B, RomniB', I)) - Hom^(Toif (F (g,R B, B')J) 

= RomR{P®RToTf{B,B'),I) 

= 0. 

The second isomorphism follows from the fact that P is projective, and the vanish- 
ing is by assumption. □ 

The next example shows how to construct semidualizing i?-modules satisfying 
the hypotheses of Lemma 16.121 

Example 6.13. Let i? be a commutative ring and let B and C be semidualizing 
i?-modules. One has C £ Bb{R) if and only if B e QciR) by [HI (3.14)]. Assume 
C e BniR). From [3 (2.11)], we conclude that the i?-module = Homi?(B, C) 
is semidualizing, and [131 (S.l.b)] yields i?^"^ G Ab{R) and B E AgtciR)- 
particular, we conclude Tor^i{B, B'^'^) = 0. 

For example, one always has C £ Bii{R) = M.{R). If R is Cohen-Macaulay and 
D is duahzing, then D G Bc{R)- For discussions of methods for generating other 
semidualizing modules B and C such that C 6 Bb{R), see [T51 [HI [^ . 

Lemma 6.14. Let R he a commutative ring and let B and C he semidualizing R- 
modules such that C e Bb{R). With = Homfl(B,C), there are containments 

resV^) C BB{R)r\AB^c{R) 2 cores I^J^^TCR)- 

Proof. We verify the first containment; the second one is dual. Fact 12.81 implies 
lesVBiR) ^ Bb{R)- From Example 16. 131 we have B e ^^tc(^), and this readily 
implies Vb{R) Q Ab^c (R)- Fact [lH then yields resP^CR) C Ab^c (R)- □ 
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Lemma 6.15. Let R be a commutative ring and let B and C he semidualizing 
R-modules such that C G Bb{R)- If B^'^ = Honii^(i3, C), then Ext-p^ and Exti^^^ 

are balanced on vesVB{R) x coresZ^tc (^)- 

Proof. Let M and be i?-niodules with Vb- pdfl(Af) < cxo and I^tc" idfl(A^) < oo. 
From Lemma [04l we conclude M, N e ^^(i?) nylstc (R) and so [HI (4.1)] implies 
that the following natural maps are isomorphisms for each n g Z 

j<" (M.N) (A^.^) 

Ext^^(Af, N) "-'^ : Ext'^(Af, N) < ^ ^^^i^tc 

In particular, we have 

Ext^^ (resP^), Jstc (^)) - = Ext^^^^ {Vb{R), coiesI^^R)) 

and the desired conclusion follows from [101 (8.2.14)]. □ 

Theorem 16.71 and Lemma 16.151 yield the next result. 

Corollary 6.16. Let R be a commutative ring and let B and C be semidualizing 
R-modules such that C G Bb{R)- Set B^'^ — tlomji{B , C) and assume Vb{R) -L 
QlQiciR) and QV b{R) -^Ib^c{R)- ThenExtg-p^ andExigx are balanced on 

res gV^R) x cores GI^^R) . □ 

Question 6.17. Let i? be a commutative ring and let B and C be semidualizing 
i?-modules such that C G Bb{R)- With iJ'^^ = llomii{B,C), must one have 
Vb^R) i GTb^c (R) and QTBiR) ^ Istc (i?)? 

If the answer to this question is "yes" then the assumptions Vb{R) -L G^b^c (R) 
and GVb{R) -L ^b^c (R) can be removed from Corollarv l6.16l Next we discuss one 
case where this is known, showing that [21] (5.7)] is a special case of Corollarv l6.16l 

Remark 6.18. Let i? be a commutative Cohen-Macaulay ring with a dualizing 
module D. Let _B be a semidualizing i?-module. The membership D G Bb{R) is 
in [3 (4.4)]. The conditions VBiR) -L GTb^d{R) and GVb{R) -L ^b^d{R) follow 
from the containments GIb^d (R) C ^^(i?) and GVBiR) C Ab^d {R) in [H (4.6)]. 
It follows that Extgpp and Extgx^^^ are balanced on res G'Pc{R)><coies QIc^d (R)- 

The following question is from the folklore of this subject and is related to the 
composition question for ring homomorphisms of finite G-dimension; see (4.8)]. 
Remark 16.201 addresses its relevance to Corollarv 16.161 and Question 16. 171 

Question 6.19. Let i? be a commutative ring and let B and C be semidualizing 
i?- modules such that C G Bb{R)- Must the following containments hold? 

GVb (R) c GVc (R) GIb (R) c GIc (R) 

Ac{R) c Ab{R) Bc{R) c BBiR) 

Remark 6.20. Let i? be a commutative Cohen-Macaulay ring with a dualizing 
module D. Let B and C be semidualizing _R-modules such that C G Bb{R)- 
Arguing as in ^13, (3.9)], one concludes fitc ^ Bg^dR) and B G Bgic^^iR)- 
Assume that the answer to Question 16.191 is "yes" . Then there are containments 

GVb (R) c Ab^o (R) c Ab^c (R) Q^b^c {R) ^ Bsfcfo {R) Q Bb {R) 
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by [m (4.6)]. One concludes Vb{R) -L GlgfciR) and QVb{R) -L Is^ciR) from 
the easily verified conditions VsiR) ^ Bb[R) and -A^tc -L '^b^c (R)- 

In particular, if the answer to Question 16.191 is "yes", then the same is true for 
Question 16.171 and the assumptions Vb{R) -L QIb^c{R) and QVb{R) -L ^b'>c{R) 
can be removed from Corollary 16. 161 
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